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On certain subclasses of p-Valent analytic functions and (m,q)-starlike with respect to certain points
associated with generalized basic hypergeometric function
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Abstract
In this Paper we have introduced and study subclasses of univalent functions with negative coefficient by using Dziok-Srivastava
operator defined in punchered open unit disk. Here we have studied coefficient estimates, Distortion Theorems, Extreme Points.
These results include many results as particular cases.
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Introduction
Let Cp denote the class of functions f(z) of the form
f (z) = zp +

(1)

which are analytic and p-valent in the punchered open unit disk U = {z:
given by (1) and g Cp given by

} and normalized by f’ (0) = f (0) +1 = 1. Let f

g (z) = zp +

Cp

(2)

We define the convolution product (or Hadamard) of f and g by
(f*g)(z) = zp +

= (g*f) (z);

(3)

For +ve real parameters a1, a2, -----, am and b1, b2, ------, bq.
the generalized hyper geometric function
mFq

(a1, a2, -----------, am, b1, b2, -------------, bq ; z ) is defined by

) Where

is the Pochhammer symbol defined in terms of the

Gamma function, by

For the function
h (a1, a2, ---, am, b1, b2, ----, bq ; z ) =z qFs (a1, a2, ----, am, b1, b2, ------, bq ; z ),
the Dziok-Srivastava linear operator ( see [1]).

904

International Journal of Academic Research and Development

Hm,q (a1, a2, ---------, am, b1, b2, --------, bq) : Cp →Cp
is defined by the Hadamard product as follows:
Hm,q (a1, a2, ---------, am, b1, b2, --------, bq) f(z) = h (a1, a2, ---------, am, b1, b2, --------, bq; z )*f(z)
=

(4)

Where
(5)
For brevity, we write
Hm,q (a1, a2, ----, am, b1, b2, ----, bq ; z) f(z) = Hm,q (a1) f(z)
Definition 1. Let the function f (z) be defined by (1) then

if and only if

(6)
Definition 2. Let the function f (z) be defined by (1) then

be subclass of Cp if and only if
(7)

these classes of functions are called starlike with respect to symmetric points in U.
Let Tp denotes the subclasses of Cp consisting of functions of the form :
(8)
Definition 3. Let the function f(z) be defined by (8). Then f(z) is said to be m-q starlike with respect to symmetric points if it
satisfies the following condition:
(9)
For some

We denote the class m-q-starlike with respect to symmetric points by

.

Definition 4. Let the function f(z) be defined by (8). Then f(z) is said to be m-q starlike with respect to conjugate points if it
satisfies the following condition:

(10)
For some

We denote the class m-q-starlike with respect to conjugate points by

.

Definition 5. Let the function f(z) be defined by (8). Then f(z) is said to be m-q starlike with respect to symmetric conjugate points
if it satisfies the following condition:

(11)
For some

We denote the class m-q-starlike with respect to symmetric conjugate points by
.
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2. Coefficient Estimates
Theorem 1. Let the function f be defined by (8) and

for z ≠ 0. Then f(z) is in the class

if and only if
(12)
Proof: Let

, then

Using (4), that is

and

then we have

that is

Which readily gives

also,

that is

Which gives
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Let |z| → 1-. So we have

Hence by maximum modulus theore, we have
Conversely: - we assume that

That is

Now since

for all z we have

(13)

On the real axis choose values of z, we have
is real and
z ≠ 0. Upon clearing denominator in (13) and letting z →1- along the real values, we

for

This completes the proof of Theorem 1. ▪
Corollary 1: Let the function f (z) defined by (8) be in the class

. Then we have

(14)
The equality in (14) is attained for the function f (z) given by

(15)
for z ≠ 0. Then f (z) is in the class

Theorem 2: Let the function f be defined by (8) and
if and only if

(16)
Corollary 2: Let the function f (z) defined by (8) be in the class

. Then we have

907

International Journal of Academic Research and Development

(17)
The equality in (17) is attained for the function f (z) given by
(18)
for z ≠ 0. Then f (z) is in the class

Theorem 3. Let the function f be defined by (8) and
if and only if

(19)
Corollary 3: Let the function f (z) defined by (8) be in the class

. Then we have

(20)
The equality in (20) is attained for the function f (z) given by

(21)
3. Growth and Distortion Bounds
Theorem 4. Let the function f defined by (8) be in the class

Then for

, we have
(22)

and
(23)
for

. The equalities in (22) and (23) are attained for the function given by
(24)

at z = r.
Proof:- Since for k ≥ 1

using Theorem 1, we have

Then

(25)
From (25) and (8), we have
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And

This completes the proof of Theorem 4.
Theorem 5:- Let the function f(z) defined by (8) be in the

Then for

, we have
(26)

And

(27)
for

. The equalities in (22) and (23) are attained for the function f(z) given by (24).

Proof: - for k ≥ 1. Using theorem 1, we have

Then

(28)
From (28) & (8), we have

And

This completes the proof of Theorem 5.
On similar lines of Theorem 4 and Theorem 5, we can easily prove the following Theorem 6 and Theorem 7 respectively for f (z)
belongs to
Theorem 6. Let the function f defined by (8) be in the class

Then for

, we have
(29)

and
(30)
for

. The equalities in (29) and (30) are attained for the function given by
(31)
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at z = r.
Theorem 7 :- Let the function f(z) defined by (8) be in the

Then for

, we have
(32)

and
(33)
for

. The equalities in (32) and (33) are attained for the function f(z) given by (31).

4. Extreme Points
Theorem 8:- Let

and

(34)
where k ≥ 1. Then

if and only if it can be expressed in the form
(35)

Where

and

.

Proof: Suppose

Then we get

it follows from Theorem 1 that the function
Conversely: suppose that

. Again by using Theorem 1, we can show that

(36)
setting

(37)
and
(38)
We can see that f(z) can be expressed in the form of (34). This completes the proof of Theorem 8.
Corollary 4: The extreme points of the class

are functions

Similar to Theorem 8, we can easily prove the following theorems for
Theorem 9:- Theorem 8:- Let

given by Theorem 8.
and

classes.

and
(39)
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where k ≥ 1. Then

if and only if it can be expressed in the form
and

.

Corollary 5: The extreme points of the class
Theorem 10:- Let

are functions

given by Theorem 9.

and

(40)
where k ≥ 1. Then

if and only if it can be expressed in the form
and

.

Corollary 4: The extreme points of the class

are functions

given by Theorem 10.

5. Particular Cases
We have the following interesting relationships with some of the special function classes for suitable choices of parameters, which
were investigated recently:

1. For p=1, q = 2, s =1, a1 = λ +1 (λ > -1) and a2 = b1 = 1 the class
reduces to the class
is theRuscheweyh derivative operator (see [10] and [13]).
2. For p=1, q = 2, s = 1, a1 = 2, a2 = 1 and b1 = 2-μ (μ ≠ 2,3,..) the Dziok-Srivastava Operator
reduces Ωμz
μ
[5]
[7]
f(z). Where Ω z is the Srivastava-Owa fractional derivative operator (see and ).
3. For p=1, q = 2, s = 1, a1 = 2, a2 = 1 and b1 = k+1(k > -1) the Dziok-Srivastava Operator
reduces to Ik f(z).
Where Ik is the Noor integral operator (see [14]).
4. For p=1, q = 2, s = 1, a1 = ν+1(ν > -1), a2 = 1 and b1 = ν +2 the Dziok-Srivastava Operator
reduces to Jν
f(z). Where Jν is the Generalized Bernardi-Libra-Livingston operator (see [4], [6], [8]).
5. For p=1, q = 2, s = 1, a1 = a (a > 0), a2 = 1 and b1 = c (c >0) the Dziok-Srivastava Operator
reduces to
L(a,c). Where L(a,c) is the Carlson-Shaffer Operator (see [12]).
6. For p=1, q = 2, s = 1, a1 = μ (μ > 0), a2 = 1 and b1 = λ+1 (λ > -1) the Dziok-Srivastava Operator
reduces
Iλ,μ f(z). Where Iλ,μ is the Choi-Saigo-Srivastava Operator (see [3]).
7. For p=1, q = 2 and s = 1 the Dziok-Srivastava Operator

reduces to the Hohlow Operator

, (see [9]).
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